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' ■~H ' Abstract. The intersection of two Steiner triple systems {X, A) and {X, B) is the set 

d , ACiB. The fine intersection problem for Steiner triple systems is to determine for each 

V, the set I{v), consisting of all possible pairs {m,n) such that there exist two Steiner 

triple systems of order v whose intersection X satisfies | UAei A\ — m and |X| = n. We 

show that for « = 1 or 3 (mod 6), \I{v)\ — 0{v'^), where previous results only imply 

that |/(ii)| = n{v'-^). 

> , 
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^^ , 1. Introduction 
I> 

^^ ' For a set X and non-negative integer fc, denote by (^) the set of all fc-subsets of 

OO , X. The support of „4 C 2^^, denoted by supp(A), is the set U^g^A. A set system 

^— ^ ' is a pair {X, A), where X is a finite set of points, and A C 2^ . The elements of 
A are called blocks. The order of a set system is the number of points in the set 

Kj^ " system. Let if be a set of positive integers. The set AT is a set of block sizes for 

''^ . {X,A) if \A\ G K for all A £ A. A set system {X,A) is said to be k-uniform if 

Let {X, A) be a set system and let Q — {Gi,. . . ,Gs} be a partition of X 
into subsets called groups. The triple (A, 0,A) is a. group divisible design (GDD) 
when every 2-subset of X is either contained in exactly one block or in exactly 
one group. We denote a GDD (A, Q, A) by AT-GDD if AT is a set of block sizes for 
iX,A). The type of a GDD {X,g,A) is the multiset [\G\ : G G G]. When more 
convenient, we use the exponentiation notation to describe the type of a GDD: 
a GDD of type g*i ■ ■ ■ gl" is a GDD where there are exactly ti groups of size gi, 
l<i< s. 
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A {3}-GDD of type 1" is a Steiner triple system (STS) of order v, and is 
denoted STS(u). It is well-known that an STS(f ) exists if and only if t; = 1 or 3 
(mod 6) (see, for example, ^). A partial triple system is a 3-uniform set system 
{X, A) where every 2-subset of X is contained in at most one block of A. 

The intersection of two K-GDDs (of the same type) Di = {X,Q,Ai) and 
D2 = {X, Q, A2) is the set I(Di, D2) — Ai r\A2- Di and D2 are said to be disjoint 
if J(Di, D2) = 0. Let / : 2(^) -^ F. The f -intersection problem for K-GDDs of 
type T is to determine the set 

int/(i^,r) 

={r e r : 3 two A'-GDDs of type T, Di and D2, with /(J(Di, D2)) = r). 

The interest in this paper is the /-intersection problem for STS in the case when 
f = <P, where <? : 2^.3^ ^ Z>q is defined as follows: 

<P(5) = (|supp(5)|,|5|), for5C P 

We call this the fine intersection problem for STS for the reason that both the 
number of blocks and the number of underlying points in the intersection are to 
be determined simultaneously. 

All previous work on the intersection of STS can be cast in the context of 
/-intersection problems for STS, for appropriate choices of /. 

Example 1. (Lindner and Rosa J^) The classical problem of determining the 
possible number of blocks in the intersection of two STS(^;) is equivalent to the 
/-intersection problem for STS with f{S) ^ \S\. 

Example 2. (Hoffman and Lindner f^) The flower intersection problem for STS(w) 
is equivalent to the /-intersection problem for STS, with 

J |iS|, if S contains a set of ^^ blocks intersecting in a common point; 
I CX3, otherwise. 

Example 3. (Chee J^) The disjoint intersection problem for STS is equivalent to 
the /-intersection problem for STS, with 

1 1*^1' ^^ ^^^ blocks in S are pairwise disjoint; 
1 00, otherwise. 

This is also equivalent to determining the possible values of n for which (3n, n) € 
Int*({3},l''). 

The purpose of this paper is to initiate the study on the fine intersection 
problem for STS. 
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2. Admissible Region 

In this section, we determine an admissible region for the fine intersection prob- 
lem for STS; that is, we determine a subset of Z>q which contains Int<j({3}, 1"). 

A partial triple system (A, A) of order v is said to be maximum if for ev- 
ery partial triple system (A, 6) of order v, we have \B\ < \A\. The number of 
blocks in a maximum partial triple system is denoted D{2,3,v). For a vector 
X = (xi, . . . ,Xd) S Z"*, we denote by x|i, 1 < i < d, the value Xi. For a set of 
vectors S C Z"^, we denote hy S\i, 1 < i < d, the projection of S on the i^^ 
dimension: S\i — {x|i : x e S}. 

We state below some prior results that are useful in establishing an admissible 
region for Int<i>({3}, 1^). 

Theorem 1. (Lindner and Rosa [^) Letb{v) = v{v — l)/Q. Then for allv = 1 
or 3 (mode), v ^ 9, Int|.|({3}, r) = {0, . . . ,b{v)} \ {b{v) - 5,b{v) ~ 3,b{v) - 
2,6(u) - 1}, anrflnt|.|({3},l9) = {0,1,2,3,4,6,12}. 

Theorem 2. (Doyen and Wilson [4j) Let v,w = 1 or 3 (mod 6), and w < v. 
There exists an STS{v) containing an STS{w) if and only if v > 2w + 1. 

Lemma 1. Let {m,n) G Int,j({3}, 1"). Then the following conditions hold: 

(i) m/3<n < 15(2, 3, to),- 

(ii) n ^ {b{v) ~ 5, b(v) - 3, b{v) - 2, b{v) - 1}; 
(iii) if V = 9, then n ^ {5, 8}; 
(iv) TO ^{1,2,4}; 

(v) if n > b{v) — (u — l)/2, then m = v; and 
(vi) if m < V and n = b{m), then v > 2m + 1. 

Proof. To see that (i) holds, note that there exists a pair of STS(w) whose inter- 
section is T, such that (supp(T),T) is a partial triple system of order m having n 
blocks. Hence, n < D{2, 3, to,). That to,/3 < n follows easily from the observation 
that the maximum number of points underlying n blocks of size three is 3n. 

Theorem [1] together with the observation that Int<i>({3}, 1")|2 =Int|.|({3},l'') 
gives conditions (ii) and (iii). 

The observation that Int<f ({3}, l^)|i — Int|supp(.)|({3}, 1") and that the sup- 
port of the set of blocks of a partial triple system can never contain one, two, or 
four points gives condition (iv). 

For condition (v), observe that each point of an STS(w) lies in (w — 1)/2 blocks. 
So unless we have less than b{v) — {v — l)/2 blocks, we cannot drive the support 
down to less than v points. 

Any partial triple system of order m and n = b{m) blocks is an STS(m). 
Theorem [2] then implies that v > 2m + 1, from which condition (vi) follows. D 

We call the set 
A{v) = {{m,n) e Z>Q : {m,n) satisfies conditions (i)-(vi) of Lemma[l]} 
the admissible region for Int<j>({3}, f). 
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Lemma 2. Let v = 1 or 3 (mod 6). Then |Int<|,({3}, 1")| < (1 + o{l))^v^. 
Proof. 
|Int*({3},r)<|A(t;)| 

< V^ (^(2, 3, m) — m/3 + 1) (by condition (i) of Lemma[T|) 

m=0 



\ —m + o{m ) 



x6 

m— 



D 



Existing results on the intersection of STS only determine that a negligible 
portion of k{v) belongs to Int<f,({3}, 1"). In particular, Theorem [T] only implies 
that |Int$({3}, 1")| > (l+o(l))^w^. The main result of this paper is the following. 

Main Theorem Forv = l or "i (mod 6), |Int,f({3}, l'')| = 0{v'^). 



3. Proof of the Main Theorem 

Our main tool is Wilson's Fundamental Construction for GDDs [5]. 



Wilson's Fundamental Construction 
Input: (master) GDD D={X,g,A)\ 

weight function u : X ^> Z>o; 

(ingredient) iC-GDD D^ = {Xa^Ga^Ba) of type [uj{a) : a e A], 
for each block A & A, where 

Xa = UaeA{{a} X {1, ... , uj{a)}} and 
Qa = {{a} X {1, . . . ,w(a)} : a G A}. 
Output: K-GDU D* = {X\g\A*) of type ExeG'^(^) ■ G ^ G], where 

X* = U,ex(Wx{l,---,^(a;)}), 

G* = i^xeaiix} X {1, ... , w(a;)}) : G £ 5}, and 

A* = Uag^Sa. 

Notation: D* = WFC(D,u;, {D^ : A G ^}). 

Note: By convention, for x G X, {x} x {!,..., a;(x)} = if tj(a:) = 0. 



The master GDDs we use are the class of {4}-GDDs of type l"t^, existence 
for which has been settled by Rees and Stinson [7] . 

Theorem 3. (Rees and Stinson LZj) There exists a {4}-GZ)I? of type l^t^ 
whenever m > 2t + 1 and 

(i) u = or 3 (mod 12) and t = 1 or 7 (mod 12); or 
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(ii) u = or 9 (mod 12) and t = A or 10 (mod 12). 

We call the distinguished group of size t in a {4}-GDD of type l"i^, the hole. 

Lemma 3. The number of blocks in a {4}-G_D£' of type l"i^ that are disjoint 
from the hole is u{u — 2t — 1)/12. 

Proof. The number of blocks that have non-empty intersection with the hole is 
easily seen to be ut/3. The total number of blocks in the GDD is (("J*) — (2)) /6- 
Hence, the number of blocks disjoint from the hole is (("J*) — (2)) /6 — ut/3 = 
u{u-2t- 1)/12. D 

We also make use of the following result of Butler and Hoffman [1] . 

Theorem 4. (Butler and HofFman flj) Let g and t he positive integers such 
thatt>3,g^Q=0 {mod 3), and g(t-l) = {mod 2). Let b{g*) = g'^t(t-l)/ 6 
and denote by L{g') = {0, . . . , 6(5*)} \ {b{g') - 5, b{g') - 3, 6(5*) - 2, 6(5*) - 1}. 
Then Int|.| ({3}, 5*) = I{g^), except that 

(i) Int|.|({3}, 19)^/(19) \ {5, 8}; 

(ii)Int|.|({3},24)=/(24)\{l,4}; 
(iii) Int|.|({3},33) = 1(3^) \ {1, 2, 5}; and 
(iv)Int|.|({3},4'-')=/(43)\{5,7,10}. 



Let D = {X,g,A) be a {4}-GDD of type l"i\ with g = {d, . . . , G„+i}, 
where 

pi {x,}, if 1 < i < u; and 

\{xu+ii---,3Cu+t}, ifi = u + l. 

For a, /? > such that a + /? < i, define the following weight function: 

{2, iix ^ {xi,...,Xu+a}] 
4, lix ^{Xu+a+l,---,Xu+a+p};a-TLd 
0, li X e [Xu+a+p+lT ■ ■ jXu+t}- 

We use Wilson's Fundamental Construction with D as master GDD and LUa^p 
as weight function. The required ingredient GDDs are {3}-GDDs of type 2^, 
type 2'^4^, and type 2^. The following are results on the intersections of these 
ingredient GDDs. 

Lemma 4. The following hold: 

(i)Int|.,({3},23) = {0,4}; 
(ii) Int|.|({3},24) = {0,2,8}; and 
(iii)GGlnt|.|({3},234i),- 
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Proof, (i) and (ii) follow from Theorem ID The existence of a pair of disjoint 
{3}-GDDs of type 2'^4^ is given in [8], proving (iii). D 

For a set A of integers, we denote hy A + A the set {a + b : a,b ^ A}, and 
denote by J2i=i ^ the set ^ + • • • + ^ (s-fold sum). 

Lemma 5. Let s > 2. Then |Int|.|({3}, 2^)1 = 4s - 2. 

Proof. We have J2Ui Int|.| ({3}, 2*) = {0,2,4,..., 8s} \ {8s - 10, 8s - 4, 8s - 2}. 

D 

Lemma 6. Let m > and r S {1,3,7,9,13,15,19,21}. Then for every a > 
\{m + 3)/2], there exists an integer b >0 such that the following inequalities are 
all satisfied: 

(i) 24(m -a) + r < 4(125 + 1) + 1; 
(ii) 12a > 2(126+ 1) + 1. 

Proof. Let b be the smallest integer such that inequality (i) holds. Then 



24(m - a) +r - 5' 
48 



> 



r — 5 
48 



> 



4 

48 



= 0. 



It remains to show that inequality (ii) holds. To see that this is the case, observe 
that 



2(126+ 1) + 1 = 246 + 3 






= 24 


"24(TO-l) + r-5" 
48 


= 24 


m — a r — 5 
2 ' 48 


+ 


< 24 


m — a 16 


+ 3 


2 ^48 


<24 


fm-a \ 


+ 3 


[ 2 +V 


= 12(m-a) + 27 


< 12(2a-3-a) + 27 


= 12a-9 


< 12q 









D 



Let m > and r G {1,3,7,9,13,15,19,21}. We now construct a pair of 
STS(24m + r) via Wilson's Fundamental Construction. Write 24to + r as 24a + 
24(to — 1) + r, where a > \{ni + 3)/2]. Choose 6 to be the smallest non-negative 
integer so that the inequalities 2A{m — a) + r < 4(126 + 1) + 1 and 12a > 
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2(126+ 1) + 1 are both satisfied. Such a b exists by Lemma [6l Choose also non- 
negative integers a and /3 such that < a + f3 < 12b + 1 and 2a + 4/3 + 1 = 
2A{m — a) + r. This is always possible because {2a + 4/3 + 1 : < a + (3 < 
126+1} = {1,3,5,...,4(126+1) + 1} 3 24(m - a) + r. 

Now, take D = {X,g,A) to be a {4}-GDD of type 1^^" {12b + 1)^ . The exis- 
tence of such a GDD is implied by the inequality 12a > 2(126+ 1) + 1 (via Theorem 
111). Let G = WFC(D,w„,/3,{Da : A e A}) and G' = WFC(D, u;„,/5, {D^ : A € 
A}), where Da and D^ are a pair of 

(i) {3}-GDDs of type 2^ intersecting in fiA blocks, if A is disjoint from the hole 

of D; 
(ii) disjoint {3}-GDDs of type 2"*, if A contains a point of weight two from the 

hole of D; 
(iii) disjoint {3}-GDDs of type 2'^4^, if A contains a point of weight four from 

the hole of D; and 
(iv) disjoint {3}-GDDs of type 2"^, HA contains a point of weight zero from the 

hole of D. 

Such ingredient GDDs all exist by Lemma SI 

It is clear from the description of Wilson's Fundamental Gonstruction that G 
and G' are two {3}-GDDs of type 2^'^''{2a + 4/3)\ where < a + /3 < 126 + 1, 
intersecting in '^agA f^^ blocks, whose support is disjoint from the group of size 
2a + 4/3. Now add a point to each of G and G' to obtain {3, 2a + 4/3+ l}-GDDs of 
type i24a+2a+4^+i ^j^]^ exactly one block of size 2a + 4/3 + 1. Replace the block 
of size 2a + A(3 + 1 = 24(77i — a) + r in each of these GDDs with the respective 
blocks from a pair of disjoint STS(24(m — a) + r) (which exists by Theorem[T]). 
The result is a pair of STS(24m + r) intersecting in 12a + J2AeA 1^^ blocks whose 
support contains exactly 24a + 1 points. 

By varying a and fiA, this shows that 



|Int,j({3},l 



24m+r\ 



> 



E 



a(12a-2(12b+l)-l) 

E Int|.|({3},2^ 



i=l 



(1) 



a=[(m+3)/2l 

Lemma 7. For a > [(to + 3)/2], we have 12a - 2(126 + 1) - 1 > 24a -12m -27. 

< 1 + (to - 



Proof. By the proof of Lemma [SJ we know that 6 < 
a)/2. So, 



24(m — o)-|-r— 5 
48 



12a - 2(126 + 1) - 1 = 12a - 246 - 3 

> 12a - 24(1 + (to - a)/2) - 3 
= 24a - 12to - 27. 



D 
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By Lemma [71 inequality |T]) implies 



a=r(m+3)/2l 



a(24a-12m-27) 

E Int|.|({3},24) 



E (4a(24a - 12m - 27) - 2) (via Lemma [5]) 

a=r(m+3)/2] 
' ?n 

96 E aM - ( 4(12to + 27) ^ " 

Q=[(m+3)/2] / \ a=[(m+3)/2l 

E 2 

^a=r(m+3)/2l 

> (28to^ + o{m^)) - (ISm^ + o{m^)) - o(m^) 
= lOm^ + o(to^). 

This shows that for u = 1 or 3 (mod 6), 

|Int^({3},r)|>(l + o(l))^^;^ 
which together with Lemma [2] proves the Main Theorem. 

4. Conclusion 

In this paper, we initiated the study on the fine intersection problem for STS. We 
established that |Int<2i({3}, 1")| = 0{v'^) for w = 1 or 3 (mod 6). There remain 
many interesting unsolved problems: 

(i) What is the exact asymptotics of |Int<j>({3}, L")!? There remains a wide gap 

between our lower and upper bounds on |Int$({3}, 1")|. We think the upper 

bound is probably the truth and make the conjecture that |Int<|.({3}, l")] = 
(l + o(l))^«3_ 

(ii) Determine completely the set Lit<|,({3}, 1"). This problem is probably very 

difficult. 
(iii) What is the number of non-isomorphic partial triple systems that can un- 

derly the intersection of two STS(w)? 
(iv) Determine all non-isomorphic partial triple systems that can underly the 

intersection of two STS(w). 

Intersection problems for STS remain well alive three decades after the sem- 
inal paper of Lindner and Rosa [6] , 



The Fine Intersection Problem for Steiner Triple Systems 9 

References 

1. R. A. R. Butler and D. G. Hoffman. Intersections of group divisible triple systems. 
Ars Combin. 34, (1992) 268-288. 

2. Y. M. Chee. Steiner triple systems intersecting in pairwise disjoint blocks. Electron. 
J. Combin. 11, (2004) Research Paper 27, 17 pp. (electronic). 

3. C. J. Colbourn and A. Rosa. Triple Systems. Oxford Mathematical Monographs, 
The Clarendon Press Oxford University Press, New York, 1999. 

4. J. Doyen and R. M. Wilson. Embeddings of Steiner triple systems. Discrete Math. 
5, (1973) 229-239. 

5. D. G. Hoffman and C. C. Lindner. The flower intersection problem for Steiner 
triple systems. Combinatorial Design Theory, vol. 149 of North-Holland Math. Stud., 
North-HoUand, Amsterdam, 1987, pp. 243-248. 

6. C. C. Lindner and A. Rosa. Steiner triple systems having a prescribed number of 
triples in common. Canad. J. Math. 27, (1975) 1166-1175. 

7. R. Rees and D. R. Stinson. On the existence of incomplete designs of block size four 
having one hole. Utilitas Math. 35, (1989) 119-152. 

8. P. J. Schellenberg and D. R. Stinson. Threshold schemes from combinatorial designs. 
J. Combin. Math. Combin. Comput. 5, (1989) 143-160. 

9. R. M. Wilson. An existence theory for pairwise balanced designs I - Composition 
theorems and morphisms. J. Combin. Theory Ser. A 13, (1972) 220-245. 



